We perform quantum Monte Carlo simulations to study the 2D hard-core Bose-Hubbard model in a random potential. Our motivation is to investigate the effects of randomness on the Kosterlitz-Thouless (KT) transition. The chemical potential is assumed to be random, by site, with a Gaussian distribution. The KT transition is confirmed by a finite-size analysis of the superfluid density and the power-law decay of the correlation function. By varying the variance of the Gaussian distribution, we find that the transition temperature decreases as the variance increases. We obtain the phase diagram showing the superfluid and disordered phases, and estimate the quantum critical point (QCP). Our results on the ground state reveal the existence of the Bose glass phase. Finally, we discuss what the value of the variance at the QCP indicates from the viewpoint of percolation.
Introduction
The Kosterlitz-Thouless (KT) transition 1) is an important concept underlying twodimensional (2D) physics. The XY model is a typical model describing the KT transition.
This model describes well not only 2D XY magnets and 2D crystals but also superfluidity in thin films, which is a particularly good example to use when studying the KT transition. One of the characteristics of the KT transition can be seen in superfluid (SF) density. Kosterlitz and Thouless theoretically predicted that the SF density ρ s shows a discontinuous jump at the transition temperature T KT given by the normalized form
Equation (1), which is known as the universal jump, provides an important proof of the KT transition. Many experiments using a torsional oscillator 2, 3) have observed this universal jump.
Another characteristic is the correlation function of the order parameters. According to the KT theory, the phase transition results from unbinding vortex pairs. When the temperature T is lower than the transition temperature T KT , the correlation function of the order parameters shows a power-law decay as a function of the distance r, ψ(x)ψ(x + r) ∝ r −η(T ) , which is called the quasi long-range order (QLRO). This state is stable because the excitation by vortex pairs does not destroy the correlation of the order parameters. As T increases above T KT , vortex pairs become unbound as free vortices. These free vortices destroy the QLRO, forcing the system into the disordered phase, where the correlation decays exponentially.
Finite-size effects must be taken into account in numerical simulations of the KT transition. Although finite-size scaling is the best analysis method for studying thermodynamic limits with finite-size numerical data, ordinary finite-size scaling cannot be applied to numerical simulations of the KT transition 4) because the logarithmic correction of the system size makes it difficult to obtain reliable estimates of T KT . Several numerical studies 5, 6) analyze the numerical data instead of using ordinary finite-size analysis. 5) They systematically studied the size dependence of the SF density at the transition temperature to reveal from the logarithmic dependence that the KT transition actually occurs in the 2D classical XY model.
Harada and Kawashima verified the KT transition of the 2D quantum XY model using quantum Monte Carlo (QMC) simulations. 6) They also calculated the SF density precisely and confirmed a close agreement between their numerical data and the logarithmic scaling of the KT theory.
For about two decades, the properties of disordered Bose systems have been an interesting topic of theoretical and experimental study. The Bose-Hubbard model gives a good description of the physics of interacting bosons,
, J is the hopping parameter, U is the on-site repulsive interaction, and µ i is the random chemical potential at site i. This model corresponds to the XY model when we impose the hard-core limit (U → ∞).
The hopping parameter, the interaction of particles, and the disorder of the chemical potential compete to determine the state of Bose systems. After the theoretical prediction of Bose glass (BG), 7) which is the intermediate state between the SF state and the insulator state, theoretical [8] [9] [10] [11] and experimental research [12] [13] [14] [15] [16] has been done to study disordered Bose systems extensively. Experimentally, such systems can be realized by confining liquid 4 He into nano-porous materials, such as Vycor, 12) Aerogel, 13) and Gelsil. 14) These systems can be also 2/13 realized by trapping atomic gases in an optical lattice. 15, 16) The optical lattice is a powerful stage on which to study lattice Bose systems because the parameters described in eq. (2) can be easily controlled. This paper describes numerical simulations of 2D disordered Bose systems. Although there are many studies of these systems focused on the ground state, 10, 11) they include little discussion on the relationship between the KT transition and randomness. Our motivation is to investigate this relationship while taking proper account of finite-size effects and how the KT transition can survive against randomness. The following is an outline of this paper. In Section 2 , we describe the model and the numerical method. We perform QMC simulations to study the disordered BH model for a 2D square lattice with a periodic boundary condition. The 
Model and numerical method
We study the KT transition in lattice Bose systems using eq. (2) with the hard-core limit (U→∞). This limit implies that the numbern i of particles at site i is restricted to 0 or 1.
Then, eq. (2) reduces toĤ
This model is equivalent to the S=1/2 quantum XY model in a random field. We apply eq. (3) to a 2D square lattice of size N s =L 2 with a periodic boundary condition. In this study, the random chemical potential µ i is assumed to obey a Gaussian distribution given by
where µ 0 is the mean and σ 2 is the variance . In our calculations, J is fixed at 0.5 by the correspondence with the S=1/2 quantum XY model, 6) and the mean µ 0 is −1.0. The effects
of randomness are investigated by varying the variance σ 2 .
The computational method used is path-integral QMC simulations using a modified directed-loop algorithm, which is one of the most efficient for calculating the lattice BH model. [17] [18] [19] We perform calculations for a maximum system size L = 250 and maximum number of random sampling 512.
Calculation and results
In this section, we calculate the SF density ρ s , the two-body correlation functions, and the compressibility κ. The main purpose is to investigate whether the KT transition occurs even in these disordered systems. The analysis procedure is the following. We perform the finite-size scaling of ρ s to determine precisely T KT . Then, we assess whether the correlation function below T KT shows a power-law decay. The variance σ 2 is varied from 0.0 to 7.0 to study the effects of randomness on the KT transition. We use finite-size analysis in the same way as in the case of the pure KT transition in ref. 5, 6 . Even if the system is disordered, the symmetry of eq. (3) should be maintained, so that we can assume the finite-size analysis for the pure KT transition remains valid. In Section 3.4, the temperature dependence of the SF density and compressibility are shown to reveal the existence of the BG phase.
SF density and estimation of the transition temperature
The SF density ρ s is essential for studying the KT transition because it shows the universal jump at T KT . It can be calculated directly by estimating the winding number W using pathintegral QMC simulations. 20) The SF density ρ s is defined as
As an example, Fig. 1(a) shows the temperature dependence of the SF density ρ s (L) for various system sizes L = 24, 32, 48, 64, 96, and 128 with σ 2 = 1.5, allowing us also to confirm the size dependence of the SF density. When the system size is relatively small, the SF density increases gradually as temperature decreases. As the system size increases, the SF density rises abruptly at a certain temperature. This seems to support the universal jump at T KT in this disordered system, if we extrapolate to the case in which L is taken to infinity.
What we want to know is the transition temperature T KT . The solid line in Fig. 1(a) represents ρ s = (2/π)T/J. The intersection between the solid line and
gives T KT for the thermodynamic limit. The problem is estimating ρ s (∞) from data on ρ s (L).
As mentioned above, the results of numerical simulations are affected by finite-size effects.
In order to obtain a reliable T KT , we follow the method of former studies 5, 6) to perform
the finite-size analysis of ρ s (L) for this disordered system. According to these studies, the finite-size correction of ρ s at T = T KT can be given by
where L 0 is the characteristic length of the order of the lattice constant. It is notoriously difficult to determine T KT precisely from this finite-size correction; 6) however, we propose a simple method to obtain T KT precisely by plotting 1/(ρ s π/T − 2) as a function of L.
We rewrite eq. (6) as
According to eq. (7), we assume that
as a function of L. 
Here, we regard L 0 as a fitting parameter because changes of
versus L vertically without changing its shape. We vary L 0 to obtain the value at which the plot of log L − log L 0 (T KT ) fits the rescaled data of Fig. 1(b) ). Thus, the transition temperature T KT with σ 2 = 1.5 is estimated to be 0.166(±0.02)J. This logarithmic dependence of ρ s (L) at exactly T KT is the key to confirming the KT transition. We perform this finite-size scaling to determine T KT (σ 2 ) for σ 2 from 0.0 to 7.0 and confirm the logarithmic behavior of the KT transition.
Correlation functions
An important characteristic of the KT transition is the existence of the QLRO showing the power-law decay below T KT . We calculate the two-body correlation function of a distance r to investigate the power-law below T KT , as follows: Figure 2 shows the correlation functions with σ 2 = 6.0 for three temperatures, namely
T=T KT (≈0.0268J), T > T KT (0.5J), and T < T KT (0.0067J), for a finite system size (L = 128).
The critical exponent of the correlation functions η(T KT ) is determined to be points is a guide to the eye. The transition temperature T KT decreases as σ 2 increases, but the SF phase survives within a broad region of σ 2 . This indicates that the SF phase is robust against randomness.
This robustness can be understood from the viewpoint of the Harris criterion. 21) The
Harris criterion is applied when considering the relevancy of randomness to the second-order phase transition. Near the critical temperature T c , the specific heat C obeys C ∝ |T c /(T −T c )| α , and the critical exponent α is a key to the Harris criterion. According to the Harris criterion, randomness is relevant when the critical exponent α is positive. The properties of disordered systems qualitatively differ from those of pure systems. On the other hand, the randomness is irrelevant when the critical exponent α is negative (the specific heat does not diverge); the criticality does not change even in disordered systems. In the present case, since we study the KT transition, the specific heat does not diverge and shows a broad peak. Although the critical exponent α for the KT transition cannot be defined, randomness can be expected to be irrelevant to the KT transition if we consider the non-diverging specific heat. A rescaled plot of Fig. 3 (a) . The quantum critical point (σ Here, we define the QCP where the SF phase disappears. To estimate the critical variance
σ c 2 , we replot the data of Fig. 3(a) in the T/J-(1/σ 2 ) plane (Fig. 3(b) ). The data in the low-temperature region can be fitted to (1/σ 2 − 1/σ 2 c ) x , and the fitting parameters, 1/σ 2 c and x, are estimated to be 0.114(±0.003) and 0.946(±0.04), respectively. Thus, the value of σ 2 c is estimated to be 8.79(±0.03). In the previous section, we found the QCP and that the value of σ 2 c is 8.79. In order to study the properties of the system for σ 2 > σ 2 c , we calculate the SF density and the compressibility. The compressibility κ is defined as
Properties
Here, N is the total number of particles. 
Discussion
In this section, we consider what the computed value of σ 2 c indicates. We consider the phase diagram of the ground state in a pure system (σ 2 =0.0 and µ i =µ in eqs. (2) and (3)) analytically and numerically to study the relation between the SF phase and the chemical potential. This relation leads us to compare the present problem with the 2D site-percolation problem.
Analytical approach: In our calculations, the hard-core limit was imposed on eq. (2). This limit implies that the number of particles at each site is limited to 0 or 1. The phase boundary between the insulator and the SF phases for the pure system can be obtained easily under this restriction. For large µ, the ground state is the insulator phase given by |ψ 0 = |1, 1, . . . , 1 = N i=1 |1 i , in which a single particle occupies each site. The first excited state given by |ψ 1 = 9/13
|a k is the superposition of |a k , where |a k is the state in which a site k is vacant while other sites (i = k) are occupied. Comparing the energy between the ground and the first excited state, we can obtain the phase boundary of |µ| = 4J in the 2D system.
Numerical approach: We investigate the chemical potential dependence of the average of the number of particles at each site n= N Ns . Figure 5 shows an example for hopping parameter J = 0.5 at various temperatures. As mentioned above, the transition point µ c between the insulator and the SF phases is defined as the point at which n changes from unity. The temperature dependence of µ c is apparent from the figure. By extrapolating µ c (T ) as a function T, µ c (0) can be determined. In this way, we obtain the phase diagram of the ground state in the pure system (Fig. 6 ).
The dotted lines are the analytical results |µ| = 4J, and the points are the numerical results.
Clearly there is a nice agreement between these results. The central region is the SF phase, and the upper and lower regions are the insulator phases.
In our study, the SF state can be described as the state that the correlation of particles develops over the whole system, namely, a particle moves over the whole system during the imaginary time β development. We consider what the value of σ 2 c indicates from the viewpoint of percolation by comparing Fig. 6 and QMC simulations for our disordered case at T = 0. In QMC simulations for the disordered case, the random distribution of the chemical potential was assumed to be Gaussian distribution. The mean µ 0 was −1.0 and the variance σ 2 c was calculated to be 8.79. The hopping parameter J was fixed at 0.5. As shown in Fig. 6 , for the pure system, the system shows superfluidity in the region of -2≤ µ ≤2 at J = 0.5. The chemical potential µ = ±2 can be considered as the critical chemical potential for systems to show superfluidity. Next, the probability P G that the chemical potential at a site takes a value within -2≤ µ ≤2 when the random distribution of the chemical potential obeys the Gaussian distribution (µ 0 = −1.0, σ 2 c = 8.79) is calculated to be 47.6%. If the probability that the chemical potential takes a value within -2≤ µ ≤2 exceeds P G , the system can enter the SF phase. This probability P G should be considered as the threshold for entering the SF phase.
The values of probability P G reminds us of the 2D site-percolation problem. It is the geometrical connection that is important for the site-percolation problem. In this picture, the sites exist randomly. That is, we assign only two energy levels, zero or infinity, randomly to the site energy. When the probability that the zero-energy sites are distributed exceeds the 2D site-percolation threshold P c , which was obtained to be 59.3% numerically, 23) a spanning cluster exists and the system becomes coherent. If we map our disordered case to this twolevel system, sites such that -2≤ µ ≤2 might be considered as the zero-energy sites and the others as the infinite-energy sites. However, no precise correspondence between P G and P c can be seen. Apparently, P G is about 10% smaller than P c . Therefore, we wish to know what is underlying this difference.
There are two reasons why P G and P c should be different. The first reason is the difference of the percolation process. If the percolation process is regarded as dynamical, meaning that particles propagate infinitely far from their initial position, whether the dynamics of the particle is classical or quantum makes a clear difference to the percolation process. The threshold P c = 59.3% was obtained under the classical picture. In this picture, the geometrical connection can be understood as the propagation of the particles through zero-potential sites. On the 11/13 other hand, in the quantum percolation description, not only the site energy but also the state of the site, namely, the number of particlesn i for each site, must be considered. Our numerical results for the disordered systems refer to the limit of the dynamical percolation process along imaginary time as β(=1/T )→∞, and the state of the site is the number of particles. Thus, our case should be dominated by the quantum percolation process. The second reason is that the site energy is not infinite but has a finite value in the present case. Under the quantum picture, the infinite site energy blocks propagation of the quantum particle, causing a quantum localization effect. Because of this localization effect, the quantum percolation threshold is larger than P c in this case. 24) However, it is known that the finite site potential reduces the quantum percolation threshold below P c . If the site energy is finite, the quantum particle can tunnel through the potential barriers, and it tends to propagate infinitely far from the initial position, unlike in the classical description. 25) In our case, the site energy takes a finite value that obeys a Gaussian distribution. Together, these two reasons explain why P G should be expected to be smaller than P c .
Conclusion
In this paper, we described, using QMC simulations, a study of the 2D hard-core BH model with a random chemical potential that was assumed to obey a Gaussian distribution. The KT transition was confirmed from a finite-size analysis of the SF density ρ s and the power-law decay of the correlation function. In order to investigate the effects of randomness on the KT transition, the variance of the distribution was varied, and we obtained a phase diagram showing the SF and disordered phases. Even if the variance increases, the KT transition survives robustly against the randomness. The Harris criterion helps to explain this robustness of the KT transition. We observed the QCP and estimated the value of σ 2 c to be 8.79. The nature of the phase for σ 2 >σ 2 c revealed the existence of the BG phase. In addition, we considered what this value of σ 2 c indicates and argue that it can be understood from the viewpoint of percolation. Comparing the 2D percolation threshold and the present case makes the quantum effects in the percolation process clear. Our results should be dominated by the quantum percolation processes.
